The gradual loss of diversity associated with range expansions is a well known pattern observed in many 5 species, and can be explained with a serial founder model. We show that under a branching process 6 approximation, this loss in diversity is due to the difference in offspring variance between individuals 7 at and away from the expansion front, which allows us to measure the strength of the founder effect, 8 dependant on an effective founder size. We demonstrate that the predictions from the branching process 9 model fit very well with Wright-Fisher forward simulations and backwards simulations under a modified 10 Kingman coalescent, and further show that estimates of the effective founder size are robust to possibly 11 confounding factors such as migration between subpopulations. We apply our method to a data set of 12 Arabidopsis thaliana, where we find that the founder effect is about three times stronger in the Americas 13 than in Europe, which may be attributed to the more recent, faster expansion. 14 2 Introduction 15 We may think of a range expansion as the spread of a species or population from a narrow, geographically 16 restricted region to a much larger habitat. Range expansions are a common occurrence in many species 17 and systems, and they happen on time scales that differ by orders of magnitude. Viruses and bacteria may 18 spread across the globe in a few weeks Brockmann and Helbing (2013), invasive species are able to colonize 19 new habitats over decades (Davis, 2009); and many species migrated into their current habitat over the 20 last few millenia, following changing environments such as receding glaciers (Hewitt, 1999; Taberlet et al., 21 1998). 22 1 The population genetic theory of range expansion is based on two largely distinct models. The first 23 model, based on the seminal papers of Fisher (1937) and Kolmogorov et al. (1937) and often called 24 the Fisher-KPP model, is based on the diffusive spread of alleles, and has been mostly explored from 25 a statistical mechanics viewpoint. The other model, called the serial founder model, has its roots in 26 the empirically observed decrease in genetic diversity from an expansion origin Austerlitz et al. (1997); 27 Hewitt (1999); Ramachandran et al. (2005).
where f ij is the (i, j) entry in the allele frequency spectrum. ψ was introduced by Peter and Slatkin 124 (2013), and we show in Appendix A.5 why ψ is an useful estimator of EZ t . Taken together, these results 125 suggest that we can define and estimate the effective founder effect that describes the loss of genetic 126 diversity with distance from the expansion origin, and that we can infer the strength of the founder effect 127 using a simple linear regression on the allele frequency of shared alleles. 3.2 Simulations multiple mergers at the wavefront. Under this model,
since the founder effects result in an increase of the offspring variance by a factor of (2k e ) −1 . We estimate 158 EZ t using the ψ-statistic defined in (Peter and Slatkin, 2013) , justification of this is given in Appendix A.5.
159
Results are displayed in Figure 4 . In the top row, we show samples taken immediately after the expansion 160 reached the boundary of the habitat, in the bottom row, we show samples that were taken a very long 161 time (20N generations) after the expansion finished. We find that recent expansions are detected rather 162 easily, almost independent of the migration rate, and the effective founder size is estimated with high 163 accuracy. In the bottom row, we observe that for intermediate migration rates (M = 0.1 and M = 1), we 164 still get a relatively accurate result, however, we have more noise, indicating that much larger samples 165 would be required to obtain confident estimates, since most SNP will be either fixed or lost after this 166 time. For a low migration rate, we see that we do not have any power for inference, since individuals 167 all coalesce within their demes before they have the opportunity to coalesce with lineages from other 168 locations. For high migration rates (M = 100), we find that the signal of the range expansion has almost 169 vanished. Under these conditions, migration is so strong that the population essentially resembles an 170 equilibrium isolation-by-distance population, and the signal of the range expansion has been lost. For 171 M = 10, we see an intermediate behaviour, close to the origin we are at equilibrium, but far away the 172 slope of the curve is still the same as we would expect under an expansion. Scandinavia (green dots in Figure 6a , Figure 6c ), shows the most diversity within a region according as the effective population size. However, it is necessary because of scaling reasons; if a single population 282 spans a larger area, then we necessarily need a strong founder effect to get the same diversity gradient 283 than. On the other hand, if we subdivide the area of the large population into smaller populations, each 284 of those will have its own, smaller founder effect, but the population will experience a larger number of 285 founder events. Thus, if we know the scale of a local population, or can reasonably approxiamte it (e.g.
286
if we know the dispersal distance of the species). We can obtain an estimate on how much lower the 287 founder size is compared to the effective size at carrying capacity in equilibrium. On the other hand,
288
interpreting the founder effect as a distance allows us to obtain a measure that is independent of how 289 populations actually occupy space, which is more versatile, but somewhat harder to interpret. of size k e , which then, in the t-th generation, expanded to size N . All demes except the newly founded 296 one underwent t generations of Wright-Fisher mating in the same time frame, thus after gt generations, 297 g demes are colonized. EZ t was estimated from 10 6 replicate alleles. More complex models were implemented the same framework, i.e. we added migration between all demes at each generation and allowed 299 the population to evolve for additional generations after the expansion finished. We also used a modifica-300 tion that allowed for changes in population size after each expansion event, and we used this modification 301 to study the effect of logistic growth (see Figure 3 ). 
where k e is the effective founder size, L t is the number of lineages at time t, (time measured backwards in 311 time in coalescence units), S (j) i is the Stirling number of the second kind and N [j] is the jth falling factorial.
312
If the number of lineages is reduced, we merge lineages uniformly at random. All remaining lineages are 313 then transported to a neighbouring colonized deme. To compare this model to our predictions from the 314 branching process model, we have to consider the excess variance in offspring distribution resulting from 315 these expansion events, which is 1 4ke , such that for this coalescent model
Thus, the smaller the effective founder size k e , the larger the allele frequency gradient will be. 1D-317 and 2D-simulations were performed using the same simulator. For 1D-simulations, we sampled eleven 318 samples with n lineages every 5th deme, with 20 additional demes to avoid boundary effects. For the f 0 (0) = f 0 , where f 0 is some constant. The population behaves as a Markov process, so that the allele 423 frequencies at time step t only depend on step t − 1. Each time step, genetic drift will change allele 424 frequencies according to some probability distribution. In addition, deme d t will become colonized by the 425 offspring of individuals present at time t−1 in deme d t−1 according to some other probability distribution.
426
For simplicity, we at first assume there is no migration between demes, and test the robustness to this 427 assumption using simulations.
428
. . . f t (t)} be the processes at and away 429 from the wave front. Since we disallow migration, we can describe the history of "intermediate" demes
In words, demes are colonized 431 when the wave front first reaches them, and the subsequent evolution depends only on the allele frequencies 432 at the time when they first evolved. From this construction, it follows that for i < j, {X
are conditionally independent given f i (i). Together with the Markov property this implies that the 434 difference in allele frequency in two demes is a function of distance, i.e. they obey
Throughout this section, we assume that EX t |X 0 = f 0 is constant, which is satisfied if there are new 436 new mutations and no selection, and we further assume that Var(X t ) < ∞. For example, for the critical 437 branching process model we introduce in the following section, Var(X t ) = σt, where σ is the offspring 438 variance in one generation. Then the autocovariance for s < t is,
439
Cov(X s , X t ) = Var(X s ), (A.2) and similarly forX, because {X t }, {X t } are martingales.
440
Next, we define the conditioned processes {Y t } = {X t |X t > 0} and {Ỹ }{X t |X t > 0} which give the 441 allele frequency conditional on the allele not being lost.
442
Then, we have that
Here, L(t) = P(X t = 0) denotes the probability that an allele is at frequency zero in generation t, and 445 we remove the dependency of L(t) from f 0 for notational convenience.
446
Using the conditional variance formula, we can compute the variance and autocovariance of {Y t }:
447
The last quantity of interest is the difference Z t = Y t −Ỹ t , which gives the difference in allele frequency 449 between the wavefront and the origin of the expansion, conditional on an allele surviving in both locations. 450 We find that
A.2 Branching process 454
To further specify the moments derived in Appendix A.1, we need to define Var(X s ), L(s) and f 0 , and the 455 corresponding quantities at the wave front. This is particularly easy using a Galton-Watson branching 456 process. Under this model, each generation individuals leave offspring independent from each other 457 according to some offspring distribution F . Let L i (t) denote the probability that an allele has been lost 458 by generation t, given that it started with i copies in generation 0. Kolmogorov (1938) showed that when 459 t is large, L 1 is well approximated by
where F is the offspring distribution and VarF is assumed to be finite. We assume that a branching 461 process with offspring distribution F describes neutral genetic drift at the wave front, and that the 462 colonization of new demes occurs according to a branching process with offspring distributionF .
463
If the initial frequency f 0 of the allele is greater than one, the corresponding expression becomes 464 L f0 (t) = (L 1 (t)) f0 , (A.17) by independence of individuals. Using a Taylor expansion around t = ∞ yields
Thus, we find that the expected difference in allele frequency between the expansion origin and the front 466 of the population increases approximately linear with distance, the slope of the curve being the difference 467 in offspring variance of individuals at the wavefront and expansion origin. From the second term in 468 the Taylor expansion we see that the approximation is suitable when t > f 2 0 , i.e. the number of demes 469 between the two samples is large, and the frequency of the allele at the founding location is small. which measures the "increase" in genetic drift at the wave front.
487
Combining eq. A.21 and eq. A.19 yields
From this, we see immediately that EZ t = 0 only if N e = k e , and also that the effective founder size 489 enters the equation only in the ratio κ = ke N , so that it makes sense to further define the relative founder 490 size κ, which measures the strength of the founder effect.
A.4 Rescaling

492
The branching process we used above assume that exactly one generation of genetic drift happens between 493 each founder event. In this section, we show that the expected allele frequency difference between the 494 expansion front and at the origin is (i) invariant of additional generations between expansion events and 495 (ii) invariant to additional generations after the expansion finished.
496
Both follow from the fact that for a branching process with mean 1, the variances of subsequent 497 generations can simply be added: Consider the generating function of a critical branching process B 498 after t generations, denoted by p t (s) which has variance p t (1) ′′ . Then, after an additional generation, the 499 generating function becomes q(p t (s)), where q(s) is the generating function of the offspring distribution 500 of that additional generation. Then, the variance in offspring after this additional generation is q(p t (1)) ′′ .
501
Var
Thus, if individuals in the range expansion model have offspring variance v at the expansion front 503 and varianceṽ away from the front, the total variance after t time steps with d expansion events is
Now from eq. (A.19) we have (for f 0 = 1),
Adding T generations with neutral drift between each founder event and τ generations after the 507 expansion stopped, changes this only to
which simplifies to eq. (A.19).
similarly. Again, this will result in an increase of V ar(X d ) and V ar(X d ) by the same amount, which 511 cancels in the difference.
512
Furthermore, we can also change how we subdivide a population into demes. It is easy to see that 513 a population with expansions at times 0, 1, 2, . . . and offspring variances Var(F ) and Var(F ) behaves 514 similarly to a population with expansions occuring at times 0, δt, 2δt, . . . with offspring variances Var(F ) δ 515 and Var(F ) δ in the sense that EZ t will be the same for either population. This suggests that it is not 516 important how we subdivide space into demes, only the relative size of the founder population versus the 517 neutral populations matters. Thus, it is most convenient to report the strength of the founder effect in 518 units of "decrease in genetic diversity per unit of distance.
519
A.5 Estimation
520
To estimate EZ t from genetic data, we need to take subsampling into account, i.e. we need to estimate 521 EẐ t = EŶ t − EŶ t . In particular, the probability that an allele got lost from a population is not the 522 same as it being absent from a sample. To model subsampling, we assume we start with f 0 copies of the 523 derived allele and A 0 copies of the ancestral allele, all evolving as a independent branching processes. The 524 expected number of ancestral alleles will be EA t = A 0 in all generations, whereas the expected number 525 of the derived allele, conditioned on it not being lost, is EY t . We Hence, in generation t, the probability 526 of drawing m copies of the derived allele out of n samples is approximately binomially distributed with 527 parameters n and EYt EYt+A0 . The mean of the expected allele frequency, conditional of sampling at least 528 one derived allele is
with the n 2N term normalizingŶ t to allele counts. Setting A 0 ≈ 2N − EY t we obtain the series represen- .28) and we see that we have a bias term that increases with sample size. Hence, the easiest way to proceed is 533 to downsample larger samples to a sample size of two, the case that is arguably most important in light 534 of genomic data.
535
To compare samples of size n 1 and n 2 , from a site frequency spectrum S = f ij , 0 ≤ i ≤ n 1 , 0 ≤ j ≤ n 2 536 we can calculate a reduced site frequency spectrum matrix S ′ from the full site frequency spectrum using
where P 1 and P 2 are (2 + 1) × (n 1 + 1) and (2 + 1) × (n 2 + 1) matrices (with indeces starting at 0), 538 respectively, with entries
for 0 ≤ i ≤ n 1 and 0 ≤ j ≤ 2 for P 1 . Entries in P 2 , are similar, except n 1 is replaced by n 2 .
540
If we denote the entries of S ′ with s ij , we can write EẐ t as Table 1 : Analysis of A. thaliana data. The table shows the inferred latitude and longitude of the origin. q: regression slope in km −1 , r i = k e /N e , for demes of size ikm. d i , distance (in km) over which 1 − k e /N e = 1%. r 2 and p: adjusted coefficient of determination and Bonferroni-corrected p-value. Figure 1 : Schematic of the expansion models studied. This figure shows the basic process we study, each square corresponds to a subpopulation, with grey borders indicating subpopulations not colonized at a time step. Each time step, a new deme is colonized (black, dashed arrows), and other demes undergo neutral genetic drift (grey arrows). We compare the allele frequencies {X t } at the expansion origin d 1 (dashed borderes) with the allele frequencies {X t } at the expansion front (dark backgrounds). 
Migrant pool M=10, T=0
Deme psi Figure 5 : Effect of a 2D-geography. Each set of points corresponds to ψ estimated from simulations under a specific k e value, k e varies from 100 to 500 in increments of 100 (top to bottom/ blue to green). Grey dashed lines give the expectation from the branching process model in one dimension.
x A B C D E F Figure 6 : Results for A. thaliana data set. 
